Abstract Spectroscopic techniques are very essential tools in studying electronic structures, spectroscopic constants and energetic properties of diatomic molecules. These techniques are also required for parametrization of new method based on theoretical analysis and computational calculations. In this research, we apply the proper quantization rule in spectroscopic study of some diatomic molecules by solving the Schrödinger equation with two solvable quantum molecular potentials; Tietz-Wei and shifted Deng-Fan potential models for their approximate nonrelativistic energy states via an appropriate approximation to the centrifugal term. We show that the energy levels can be determined from its ground state energy. The beauty and simplicity of the method applied in this study is that, it can be applied to any exactly as well as approximately solvable models. The validity and accuracy of the method is tested with previous techniques via numerical computation for H 2 and CO diatomic molecules. Our result also include energy spectrum of five different electronic states of NO and two different electronic state of ICl.
Introduction
The exact solutions of solvable quantum potential models have received much interest since they provide us some insight into the physical problem under consideration. Over the past years, various eigensolution techniques have been proposed to solve quantum potential models. Few of these methods are: formula method [1] , Nikiforov-Uvarov method [2] , the asymptotic iteration method [3, 4] , the supersymmetric quantum mechanics [5] , the factorization method [6] , wave function ansatz method [7] , the generalized pseudospectral method (GPS) [8] [9] [10] [11] [12] and the exact quantization rule (EQR) [13] [14] [15] [16] [17] . Notes on these techniques can be found in Ref. [18] .
Recently, the EQR has been proposed to solve the wave equations with some exactly or approximately solvable quantum potentials for their energy eigenvalues and wave functions. Nevertheless, such solutions involve highly complicated integral calculations, in particular when calculating the quantum correction term. Therefore, in order to avoid these difficulties, Serrano et al. have proposed a new way to treat these problems and called it the proper quantization rule (PQR) [19, 20] . Furthermore, it has been shown that PQR is a powerful tool in finding the eigenvalues for all solvable quantum systems [21, 22] .
Furthermore, the study of the bound state processes is fundamental to understanding the molecular spectrum of the diatomic molecules and their properties in quantum mechanics. In light of this, there has been a growing interest in searching for the empirical potential functions for diatomic molecules in chemical physics and related areas [23, 24] . The reason is that such potentials provide the compact way to summarize what we know about a molecule. Thus, efforts to construct a universal potential function that fit experimental data in computational chemistry have been made by many researchers. It has been found that the exponential type molecular potentials are better than the harmonic oscillator in simulating the atomic interaction for diatomic molecules.
In this context, to achieve the goal of the present work, we study the spectrum of some diatomic molecules using two exponential-type of molecular models; namely, the Tietz-Wei and shifted Deng-Fan potential models [24, 25] . The bound state solution of the Schrödinger equation with these diatomic molecular potentials provides the rotational-vibrational energy states of the diatomic molecules in an accurate manner. We apply PQR to obtain the energy spectrum of the two molecular potential models and then obtain the rotational-vibrational energy states for various diatomic molecules.
This work is organized as follows. In Sect. 2, we briefly introduce the PQR. In Sect. 3, we apply the method to obtain the energy spectrum of the Schrödinger equation with Tietz-Wei and shifted Deng-Fan molecular potentials. We give our numerical results and discussions in Sect. 4 . Some concluding remarks are given in Sect. 5.
A brief review to proper quantization rule
In this section, we give a brief review to this method [13, 14, [19] [20] [21] . The one dimensional Schrödinger equation takes the form:
and can be re-written as
where
is the logarithmic derivative of the wave function ψ(x). The prime denotes the derivative with respect to the variable x. μ denotes the reduced mass of the two interacting particles. k(x) is the momentum and V (x) is a piecewise continuous real potential function of x. According to Yang [26] "For the SturmLiouville problem, the fundamental trick is the definition of a phase angle which is monotonic with respect to the energy" [26] . Thus, for the Schrödinger equation, the phase angle is the logarithmic derivative φ(x). From Eq. (2), as x increases across a node of wave function ψ(x), φ(x) decreases to −∞, jumps to +∞ and then decreases again.
In 2005, Ma and Xu [13, 14] by carefully studying one-dimensional Schrödinger equation generalized this exact quantization rule to the 3D radial Schrödinger equation with spherically symmetric potential by simply making the replacements x → r and V (x) → V e f f (r ):
where r A and r B are two turning points determined by E = V e f f (r ). The N = n + 1 is the number of the nodes of φ(r ) in the region E n = V e f f (r ) and is larger by one than the number n of the nodes of wave function ψ(r ). The first term N π is the contribution from the nodes of the logarithmic derivative of wave function, and the second is called the quantum correction. Ma and Xu [13, 14] found that for all well-known exactly solvable quantum systems, this quantum correction is independent of the number of nodes of wave function. Accordingly, it is enough to consider the ground state in calculating the quantum correction Q c = [19, 20] , so as to simplify the quantum correction terms. This rule can be summarized as follows:
In this approach, it is required at first to calculate the integral on the LHS of Eq. (4) and then replace energy levels E n in the result by the ground state energy E 0 to obtain the second integral (RHS). This quantization rule has been used in many physical systems to obtain the exact solutions of many exactly solvable quantum systems [13, 14, [19] [20] [21] 29, 30] 3 Application to some diatomic molecular potentials
In this section, we apply the Qiang-Dong proper quantization to study the rotation vibrational of some diatomic molecular potentials. Also, where necessary, we compare our results with the ones obtained before in the literature.
Tietz-Wei molecular potential
The Tietz-Wei diatomic molecular potential we examine in this section is defined as [18, 31, 32 ]
with b h = δ(1 − c h ), r e is the molecular bond length, δ is the Morse constant (denoted as β in some other research papers), D is the potential well depth and c h is an optimization parameter obtained from ab initio or Rydberg-Klein-Rees (RKR) intramolecular potentials. r is the internuclear distance. When the potential constant approaches zero, i.e. c h → 0, the TW potential reduces to the Morse potential [33] . The shape of this potential is shown in Fig. 1 for different molecules. To study any quantum physical model characterized by the diatomic molecular potential given by Eq. (4), we need to solve the following Schrödinger equation:
In this section, we take the V (r ) as the Tietz-Wei potential. Now we begin by applying the method of variable separation so as to split Eq. (6) into radial and angular part. Thus, by taking the wavefunction ψ n, ,m (r, θ, φ) as r −1 R n (r )Y m (θ, φ) the radial part can be found as 
where n, and E n denote the principal quantum numbers, orbital angular momentum numbers and the bound state energy eigenvalues of the system under consideration (i.e., E n < 0 ), respectively. It is generally known that for = 0, problem (7) is exactly solvable but for = 0, it isn't. Therefore, in order to solve the above equation for = 0 states, Hamzavi et al. [32] found that the following formula
with
is a good approximation scheme to deal with the centrifugal potential term. Constant α = b h r e has been introduced for the sake of simplicity. Now, by inserting this approximation into Eq. (7) and then introducing a new transformation of the form r → = r −r e r e through the mapping function = f (r ) with r in the domain [ 0, ∞ ) or in the domain [−1, ∞], we obtain the following second order differential equation:
The two turning points are obtained by solving
Thus, it is easy to show that the turning points ρ a and ρ b
with the following sum and product properties:
and ρ a ρ b
Furthermore, the momentum k(ρ) between two turning points can be found as:
The Riccati relation given by Eq. (2) can be re-written for the ground state as
Since the logarithmic derivative φ 0 (ρ) for the ground state has one zero and no pole, it has to take the linear form in ρ. The only possible solution satisfying Eq. (14) is of the form φ 0 (ρ) = A + Bρ. The substitution of this expression into Eq. (14), one has the ground state energy eigenvalue
We have now reached a position of calculating the integrals given by Eq. (4). The LHS integral can be calculated as follows:
where we have utilized the properties (12) and the integral relation given by
Now, simply by replacing E n in the above Eq. (16) by E 0 given by Eq. (15), and T n as
, we obtain the integral in the RHS of Eq. (4) as
With Eqs. (16), (18) and (4), we can deduce the following relation
On squaring up both sides of Eq. (19), it is straightforward to show that the energy eigenvalues equation can be found as
Shifted Deng-Fan molecular potential
The shifted Deng-Fan molecular potential model we examine in this section is defined as [25, 35] 
where (D,D), b and β are three parameters representing the dissociation energy, the position of the minimum r e and the range of the potential respectively. Very recently, Wang and co-workers found that the Manning-Rosen, Deng-Fan and Schiöberg potential are not better than the traditional Morse potential in simulating the atomic interaction for diatomic molecules [36] . In order to overcome this problem, Hamzavi [37] et al. suggested a modification to the Deng-Fan potential, which they referred to as the shifted Deng-Fan potential (sDF) [25] . This modification is simply a Deng-Fan potential [27, 28] shifted by dissociation energy D [25] . The researchers [25] examined the Schrödinger equation with this potential and applied their results to some diatomic molecules [25] . From their plot for the shifted Deng-Fan potential and the Morse potential using the parameters set for H 2 diatomic molecule, it was shown that the two potentials are very close to each other for large values of r in the regions r ≈ r e and r > r e , but they are very different at r ≈ 0. Also, if both the Deng-Fan and the shifted Deng-Fan potentials are deep (that is, D >> 1) they could be well approximated by a harmonic oscillator in the region r ≈ r e [25] . In Fig. (7) , we study the variation of this potential with respect to some diatomic molecules of interest given in Table 1 . Now inserting this potential into the Schrödinger equation, and then use the approximation of the form [35] :
the effective potential takes the following form:
after an appropriate coordinate transformation of the form y = e βr − 1 −1 has been introduced. Now, we can write the non-linear Riccati equation for the ground state as
Since the logarithmic derivative φ 0 (y) for the ground state has one zero and no pole, it has to take the linear form in y. Thus, we assume the following solution for the ground state
By putting Eq. (25) into (35) and solving the non-linear Riccati equation, it is straightforward to obtain the ground state energy and values of A and B as
Furthermore, in a similar fashion to the previous problem, the two turning points as well as their sum and product properties are given by
, and
Now, we have all necessary tools required to perform our calculations. Therefore, we proceed to calculate integral (4) 
where we have used the following standard integral
Furthermore, we can find 
From Eqs. (4), (29) and (31), we can find the energy spectrum for the sDF as
Calculation of the eigenfunctions
The eigenfunction-eigenvalue relation is very important in quantum mechanics because of its prominence in the equations which relate the mathematical formalism of the theory with physical results. eigenfunctions could be considered as trial functions in variational-type procedures for deriving energy levels anl also for computing line intensities. Since proper quantization rule cannot be used to obtain these eigenfunctions, we therefore resort to using the recently proposed formula method [1] . This method is very easy to use in obtaining not only the eigenfunctions but also energy eigenvalues. In the approach, it is required to transform the Schrödinger equation with two solvable quantum molecular systems-Tietz-Wei and shifted Deng-Fan potential models into the form given by Eq. (1) of Ref. [1] via an apprropriate coordinate transformation of the form τ = e β (for TH) and t = e −αr (for sDF), which maintained the finiteness of the transformed wave functions on the boundary conditions to have 
Considering Eq. (32a) with reference to [1] , k 1 , k 2 , k 3 , A T −H , B T −H and C T −H can be found. Then, parameters k 4 and k 5 can be obtained as 
Hence, the eigenfunctions for TW can be found as
Similarly, the eigenfunctions for sDF can be found as 
where N n is the normalization factor and
Numerical results and discussion
In Fig. 1 , we plot the Tietz-Wei (TW) potential for different diatomic molecules. In what follows, to see the behavior of the ground n = 0 and first excited n = 1 states, we plotted the energy for these states with potential parameters for three different orbital states = 0, 1, 2. In Fig. 2 , we show the variation of E n, with the potential constant c h . It shows that for c h < 0, the energy is negative whereas when c h > 0, the energy is positive for n = 0. On the other hand, for n = 1, the energy becomes strongly bound for c h < 0 and moves toward the negative energy for c h > 0. The c h = 0 represents the Morse energy. The best choice c h = 0.03 restores the results of Morse potential. At this value the energy curves coincide and have same behavior for = 0, 1, 2. Figure 3 shows the variation of E n, with the reduced mass μ for three orbital states. The energy is very similar for 0.1 < μ < 1.0 when n = 1 but different when n = 0. It is seen that when μ increases for more than 0.3, the energy spectrum becoming positive for ground state while for excited state, it is positive for any value of μ
In Fig. 4 , we plot the variation of E n, with the potential parameter b h . It is increasing in the positive direction within the interval 0 < b h < 8 when n = 0. However, when n = 1, the energy increases in positive side for 0 < b h < 4 and increases in the negative side for 4 < b h < 8. In Fig. 5 we show the variation of the energy states E n, as a function of molecular bond length r e . The ground state energy drops with nearly 2 eV for all orbital states at r e = 0.8 f m and r e = 0.9 f m whereas the first excited state has drop of about 0.45 eV and coincide at 0.56 fm. Finally, Fig. 6 demonstrates the energy versus the well depth D. It is seen that the ground state energy span from negative to positive spectrum at D = 2 eV . for orbital states = 0, 1, 2. However the A very similar behavior to TW potential model (sDF shape) for various molecules is shown in Fig. 7 . In addition we have obtained the energy spectrum for different diatomic molecules with the help of TW molecular model for various states using the model potential parameters in Table 1 . This spectroscopic parameter are taken from Refs. [35, 37] and [39] and the conversion factors used are taken from NIST database [40] : 1 cm −1 = 1.239841930 eV,hc = 1973.29 eV Å and 1amu = 931.494061 Mev/c 2 . In Table 2 , we test the accuracy of the method utilized in this study by finding the energy spectra of H 2 and CO diatomic molecules. We found that the spectrum obtained by NU method in [32] have some error in the Maple codes. We therefore re-compute these spectrum in the present work for the sake of comparison. As it can be seen from the table, our results are very close to the ones of the Nikiforov-Uvarov method. Tables 3 and 4 present the spectrum for H 2 X 1 + g , CO X 1 + and various electronic states of NO and ICl diatomic molecules. Considering sDF molecular potential, Fig. 8 shows the variation of E n, as a function of β, in the ground state. The restriction on our choice of the parameter β of sDF molecular potential can be observed. The energy for = 1, 2 increases in the positive side but = 0 the energy increases in the negative side. On the other hand, in the first excited state, the energy increases in the negative side in the interval 0 < β < 15 for = 0, 1, 2. Figure 9 shows the variation of E n, as a function of reduced mass μ. Small values of particle mass μ result into a sharp change in energy values for ground and first excited states for the orbital states. The energy becomes stable when μ > 1. This plot indicates how to choose or read the most reasonable values of μ which provides the most appropriate and not overlapping spectrum amongst orbital states. Figure 10 is a plot of energy versus bond length r e . The spectrum E 0,2 > E 0,1 > E 0,0 when r e > 0.2 and E 1,2 > E 1,1 > E 1,0 when r e > 0.4. Figure 10 set restrictions on the most suitable values of r e . At r e < 0.6 − 0.8 f m, the energy of different orbital states overlap and deteriorate sharply.
The variation of the energy versus parameter D is shown in Fig. 11 . For n = 0 the energy increases and then decreases in the given range 0 < D < 25 whereas for The variation of the first excited energy state for various as a function of the dissociation energy D n = 1, it is increasing in the same interval. Furthermore we generated the spectrum of several diatomic molecules using the sDF molecular potential for various states. The behavior of the plot energy against each potential parameter for various states provides us the most appropriate physical values for each parameter. Figures 6 and 10 have different behaviors since they are a plots of energy against r e for two potentials. However, if one has set to choose large values for r e (say r e > 0.6) then the two curves will be similar. Table 5 compares our results for H 2 and CO with those of the GPS method, Nikiforov-Uvarov and AIM methods. Our currently found energy states are reasonably compared with the other findings. The vibrational energy is close to 7 digits with AIM [35] but found to agree with GPS [34] up to 4 digits. However, the rotationalvibrational energy states are close close to 5 digits with AIM. This is due to the approximation made to the centrifugal restorsion term. Also, it should be noted that the model is a parameter dependent which may result into slight variation in energy spectrum if parameters are not converted/adjusted properly. Table 6 displays the energy spectrum for different species of N O diatomic molecules. However, Table 7 Table 5 Comparison of the bound-state energy eigenvalues 
Concluding remarks
In this work, we applied proper quantization rule in a spectroscopic study of some diatomic molecules. This task is made possible by solving the Schrödinger equation with two molecular models; namely, Tietz-Wei and shifted Deng-Fan potential models. This solution serves as the basis for the description of the quantum aspects of diatomic molecules. We obtained the energy spectra of different diatomic molecules. The validity and accuracy of the method is tested with previous techniques via numerical computation for H 2 and CO molecules. Our reasonable results show the efficiency and simplicity of the present calculations. The approximation to the centrifugal restorsion is valid for the lowest orbital quantum number . As increases, the accuracy of the energy states reduces and vice-versa. The present research work represents a new procedure in dealing with the diatomic molecules. Our results are reasonable and credible in generating the spectrum as the other commonly known methods.
